We present an exact five-dimensional (5D) rotating regular black hole metric, with a deviation parameter k ≥ 0, that interpolates between the 5D Kerr black hole (k = 0) and 5D Kerr-Newman (r ≫ k). This 5D rotating regular black hole is an exact solution of general relativity coupled to nonlinear electrodynamics. Interestingly, for a given value of parameter k there exits a critical angular momentum a = a E which corresponds to extremal rotating regular black hole with degenerate horizons, while for a < a E , one has non-extremal rotating regular black hole with outer and inner horizons. Owing to the correction factor (e −k/r 2 ), which is motivated by the quantum arguments, the ergoregion and black hole shadow are modified.
I. INTRODUCTION
The general theory of relativity [1] has been subjected to numerous experimental tests starting from astrophysical observations and confirmed experiments. It turns out that experimental results are well in agreement with theoretical predictions of this theory [2] . However, the general relativity predicts that the gravitational collapse of different matter [3] affirm the formation of singularities. The existence of a singularity, by its very definition means spacetime ceases to exist signaling a failure of the physical laws. It is widely believed that the black hole singularities do not exist in Nature, but that they are an artifact of classical general relativity. However, to obtain a comprehensive model for the final fate of the gravitational collapse, one has to use theories that include quantum effects e.g., resolution of the singularities by quantum gravity models [4] . However, we are far from a definite theory of quantum gravity, so try to understand the inside of a black hole and resolve its singularity is to study classical or semi-classical black holes, with regular, i.e., nonsingular properties which can be also motivated by quantum arguments. Hence, there has significant attention to find regular black hole solutions with special matter cores that would substitute the true singularities [5] .
The original idea is due to Sakharov [6] who suggested a de Sitter core with equation of state P = −ρ or T ab = Λg ab to get a regular model without singularities, which could provide a proper description at the final stage of gravitational collapse, replacing the future singularity [7] . The idea indicates that an enormous increase in the spacetime curvature during a gravitational collapse process, which may halt it, if quantum fluctuations dominate the process which puts an upper bound on the value of curvature and force the formation of a central core. This idea leads to first regular black hole model by Bardeen [8] , according to whom there are horizons, but there is no singularity which is a modification of the Reisnner−Nordström black holes. This triggered several researchers to find the regular black hole models by considering the gravitational field equations in, coupled to nonlinear electrodynamics [9] [10] [11] [12] [13] [14] , Dymnikova [10] proposed a series of regular black hole models a with de Sitter core and gives way in a smooth manner into a Schwarzschild solution.
Later, Ayon-Beato and Garcia [11, 12] invoked nonlinear electrodynamics to generate the Bardeen model as an exact nonlinear magnetic monopole, also suggested regular black holes from nonlinear electric fields [12] which goes exactly encompasses the Reisnner−Nordström black holes as a special case. Bronnikov [13] proposed several regular black holes in which the source are the fields, the core is an expanding universe with de Sitter asymptotes and the exterior outer region tends to Schwarzschild black hole. In an important development, the general results related to the topology and causality of these regular solutions also reported [14] , Balart [15] analyzed quasi-local energy of regular black holes. Whereas the thermodynamics of regular black holes was studied [16] as well as black hole as particle accelerator [17] . Lemos and Zanchin [18] offers an up-to-date classification to discuss the types of regular black holes derived and presents a new solution with de Sitter core (see also Ansoldi [5] , for a review on regular black holes). Subsequently, also there has been intense activities in the investigation of regular black holes [19] , and more recently by [20] [21] [22] , but most of these solutions are more or less based on Bardeen's proposal.
However, the rotating black holes are more important in the astrophysical observations, as the black hole spin plays a critical and key role in any astrophysical process. This lead to generalization in finding the Kerr-like regular black holes starting with Bambi and Modesto [23] who constructed rotating regular Bardeen and Hayward black hoes, but the weak energy condition (WEC) is violated, which was generalized by Neves and Saa [24] to accommodate a cosmological constant. Further, generalization of regular solutions to the axially symmetric case [22, 25, 26] , via the Newman-Janis algorithm [27] and by other similar techniques [28] .
It would be interesting to look at the generalization of regular solutions to higher dimensions, and discuss its properties. The purpose of this paper is to obtain an exact three parameter stationary, axisymmetric metrics that describe five dimensional (5D) rotating regular (nonsingular) black holes. The metrics depend on the mass (M) and spin (a) as well as a free parameter (k) that measure potential deviation from the 5D Kerr solution [29] and also go over to the 5D Kerr-Newman solution, i.e., the generalization of four dimensional regular solutions [21, 26] .
In this paper, we obtain a 5D regular black hole metric for a nonlinear electrodynamics as source in Sec. II and also give the basic equations of gravity theory. In Sec. III, we study the 5D rotating regular black hole and also investigate the structure and location of the horizons along with regularity conditions. Particle motion and shapes of the shadow and the energy emission rate have studied in Sec. IV. Finally we conclude in the Sec. V.
II. FIVE DIMENSIONAL REGULAR BLACK HOLE
We consider the theory of gravity minimally coupled to nonlinear electrodynamics in 5D manifold, which comes from the action
where R is the Ricci scalar, and L(F ) is an arbitrary function of F . The matter is described by the nonlinear electrodynamics Lagrangian L(F ) with F = F µν F µν /4, where F µν is associated with gauge A µ as
where k > 0 is a parameter. Obviously, when L(F ) = F , one gets 5D Reisnner−Nordström like charged black holes. Varying the action (1), we obtain the equations of motion [30] [31] [32] 
where L(F ) is the Lagrangian density of nonlinear electromagnetic field which is a function of F . It turns out that for a 5D spherically symmetric spacetimes, the only non-vanishing components of F ab are F θφ , F θψ and F φψ . The Maxwell field for nonlinear electrodynamics in a 5D spacetime can be written as [30] 
where ζ has been suitably modified for the 5D. Using Eqs. (4) and (5), we get
Eq. (3) implies dF = 0, hence we have
which leads to e(r) = e = constant. Interestingly, the other components of F ab have negligible influence in comparison to F θφ [30] . Hence the field strength can be simplified 
here, the charge e and mass M are related by the parameter via e 2 = Mk. For the 5D static spherically symmetric case, using Eq. (4), (6), (8) and (9), the energy momentum tensor reads
The Bianchi identity T ab ;b = 0 [33] , gives
So, the complete set of energy-momentum tensor in 5D spacetime is
We are interested in an exact 5D spherically symmetric regular black hole solution of Einstein gravity. The general 5D spherically symmetric spacetime can be written as
where dΩ
is the metric on the 3D sphere. Using the metric ansatz (13), the (r, r) component of Eq. (3) reads
where a prime denotes a derivative with respect to r. The Einstein field equation (14) coupled to nonlinear electrodynamics admits a general solution
Thus we have an exact 5D spherically symmetric solution of Eq. (3) with nonlinear electrodynamics as a source (10) . The metric (15) is a generalization of 5D SchwrazschildTengherleni black hole, which encompassed as a special case when k = 0. We approach regularity properties of solution by observing the behaviour of curvature invariants R, R = R ab R ab and K = R abcd R abcd , where R ab and R abcd are the Ricci tensor and Riemann tensor, respectively. The invariants are calculated as
These invariants are well behaved everywhere for M = 0, including at r = 0 and hence the metric (15) is regular. However, for the Reissner−Nordström case (r ≫ k), they diverge at r = 0 indicating a scalar polynomial singularity [34] . In that solution the generalization of the 4D spherically symmetric regular black hole [23, 35] to rotating case or Kerr-like solutions obtained. It is demonstrated that the rotating regular solutions can be derived starting from the corresponding exact spherically symmetric solutions by the Newman-Janis algorithm [27] . The rotating regular black hole solution includes the Kerr metric as a special case if the deviation parameter k = 0, and asymptotically (r ≫ k), it behaves like KerrNewman black hole.
III. ROTATING REGULAR BLACK HOLE
The Newman-Janis is an ingenious algorithm to construct a metric for rotating black hole starting from static spherically symmetric solutions. Applying the Newman-Janis algorithm in Eq. (15), we obtain the 5D rotating regular Kerr-like black hole which in the BoyerLindquist coordinates reads
where Σ = r 2 + a 2 cos 2 θ and ∆ = r 2 + a 2 − Me −k/r 2 , and three parameters M, a and k are assumed to be positive. The metric (17) Obviously, for a = 0, it goes over to the spherically symmetric metric (15) . This metric in 4D, has been analysed in [26] . Note that the metric (17) asymptotically (r 2 ≫ k) behaves as
A. Horizon structure and ergoregion
The event horizon is a null surface, determined by ∆ = 0, implies
which may have many zeros. The largest root of Eq. (19) , give the location of the black hole's event horizon. When k = 0, one obtains the 5D Kerr black hole of general relativity.
Here we discuss the effect of parameter k on the horizons and ergoregions. Clearly the event horizon radii depend on k, which is different from the usual Kerr case.
The numerical analysis of the transcendental equation ∆ = 0 reveals that it is possible to find non-vanishing values of parameters a and k for which ∆ has a minimum, and it admits two positive roots r ± (see Table I ). We find that, for a given a, there exists a critical value of k is k E , and one of r is r E , such that ∆ = 0 admits a double root which corresponds to a regular extremal black hole with degenerate horizons r − = r + = r E . When k < k E , ∆ = 0 has two simple zeros, and have no zeros for k > k E (cf. Fig. 1 ). These two cases, respectively, to a 5D regular non-extremal black hole with a Cauchy horizon and an event horizon and a 5D regular spacetime. Indeed, the value of k E decreases with an increase in the value of rotation parameter a. The static limit surface, where any observer cannot remain at rest and cannot be static or where the g tt component of the metric becomes zero. It requires the pre factor of dt 2 to be vanish
We have plotted the behaviour of static limit surface with radius r in between the event horizon and static limit surface is known as an ergoregion. The ergoregion lies outside the black hole, it is possible to enter and leave again from the ergoregion. The behaviour of an ergoregion in x − z plane is depicted in Fig. 3 , and shown that the area of the ergoregion depends on both k as well as a. An increase in the value of k, result in the ergoregion increase or vice-versa. The numerical value of event horizon, static limit surface and ergoregion are listed in Table I and II.
From Table II , we see that the ergoregion increase with increases in the values of deviation parameter k and spin parameter a. So, the deviation parameter k, plays a major role in determining the horizon structure of the 5D rotating regular black hole.
The shape of the ergoregion, therefore, depends on the rotation parameter a, and deviation parameter k. The Penrose process [36] relies on the presence of an ergoregion which for the solution (17) grows with the increase of deviation parameter k as well as the rotation parameter a.
The regular behaviour of the metric (17), by plotting the Kretschmann scalar (K = R abcd R abcd ) has shown in Fig. 4 , which implies that the Kretschmann scalar is finite everywhere for M = 0 including r = 0, so this solution is regular.
The weak energy satisfies the relation T ab t a t b ≥ 0 for all the timelike vectors t a , i.e., energy density cannot be negative. The dominant energy condition requires T ab t a t b ≥ 0 and T ab t b should be spacelike for any timelike vector t a . Hence ρ ≥ 0 and ρ + P i ≥ 0, are the requirement for satisfying the energy conditions, where P i are the momentum tensor. For 5D regular black hole, the weak energy conditions are written as
From Eq. (21), it is clear that 5D rotating regular black hole satisfy the weak energy conditions.
IV. PARTICLE MOTION AND BLACK HOLE SHADOW
An object casts a shadow, when it is situated between the observer and a light source. If a black hole is situated between a bright object like Quasars and observer, then it will cast a shadow. The apparent shape of a black hole is defined by the boundary of the shadow.
To discuss black hole shadow, we have to study the motion of the particle. The equation of motion in the background of a 5D rotating regular black hole can be obtained by Lagrangian
where u µ is the 5-velocity of the particle. The canonical momenta for the 5D rotating regular black hole are
Σφ ,
In Eq. (23), there are three conserved quantities corresponding to the energy E, and angular momentum L φ and L ψ are given by p t = −E, p φ = L φ and p ψ = L ψ . The equation of motion is obtained asṫ
Next, the Hamilton-Jacobi equation is used to separate the radial and angular part of the equation of motion. The Hamilton-Jacobi equation for 5D black hole reads
where λ is an affine parameter, g µν is the metric tensor and S is Jacobian action which takes the form
where m is the mass of the particle and S r (r), S θ (θ) are the function of r and θ. Using the variable separable method and insert the Eq. (26) into the Eq. (25), we obtain the equations of motion for photon (m = 0)
where constants E, L φ and L ψ are energy and angular momentum corresponding to the φ and ψ axes, respectively, and K is a constant of separation called Carter constant. The
Eq. (27) can be recast into the form
where the expression Θ(θ) and R(r) are given by
These equations define the propagation of photon around the spacetime of the 5D rotating regular black hole. For a particle moving in the equatorial plane and to remain in the equatorial plane iff K = 0. One can recover the equation of motion for 5D Kerr-like black hole in the absence of a deviation parameter (k = 0). For obtaining the boundary of the black hole shadow it demands the study of radial equation. We can rewrite the radial equations of motion [37] 
where
Let us define the following impact parameters
we can rewrite the R(r) in terms of new parameters,
Here we are interested in the radial motion of the photons, which are essential for determining the shape of the shadow of a 5D rotating regular black hole. The incoming photons, which are coming towards the black hole from a light source, when they reach near the black hole, then they follow the three possible trajectories, either they fall into the black hole or scattered away from the black hole or make a circular orbit near the black hole. The unstable circular orbit near the black hole is responsible for determining the shape of the shadow. We obtain the unstable circular photon orbits by the following conditions V ef f = 0 and dV ef f dr = 0, R(r) = 0 and dR(r) dr = 0.
The impact parameters ξ 1 and η determine the contour of the shadow for the photon orbits around the black hole. We solve the Eqs. (33) and (34), and obtain the value of η and ξ 1 for the 5D rotating regular black hole
The case k = 0 correspond to the 5D Kerr black holes,
To obtain the apparent shape of the black hole, we introduce the celestial coordinates α and
We take the limit r → ∞, because the distance between the observer and the black hole is large and θ 0 is the angular coordinate of the observer. For 5D rotating regular black hole, celestial coordinates take the form [39] 
We choose an equatorial plane for observing the shadow of the black hole, so the angle of the inclination is θ 0 = π/2. From Eq. (23), if θ = π/2, then L ψ = 0, which implies ξ 2 = 0, so the Eq. (38) reduces into the form
The shadows of a 5D rotating regular black hole can be visualized by the plotting of α vs β for the different values of the rotation parameter (a) and deviation parameter (k) at different inclination angles. One can check the relation of celestial coordinates α and β in Eq. (39) and find that they follow the relation α 2 + β 2 = η + a 2 , where η is given by Eq. (35).
Eq. (39) depends upon the values of deviation parameter k and rotation parameter a and also due to extra dimension. The shadow for a 5D non-rotating regular black hole can be obtained from The 5D non-rotating regular black hole is a general case of 5D Schwarzschild-Tangherlini black hole and its shadow appears as a perfect circle with radius R s depicted in Fig. 5 . We plotted the shadow of a 5D non-rotating regular black hole for several values of deviation parameter k. The effect of deviation parameter has shown with the radius of the circle in Fig. 5 . Thus the size of the shadow decreases with increasing the value of k. Now we investigate the shape of the shadow for the 5D rotating regular black hole. The celestial coordinates in the rotating case also satisfy the relation, α 2 + β 2 = η + a 2 . If we calculate the celestial coordinate relation in the absence of charge, i.e., k = 0
The shape of the shadow of the 5D rotating regular black hole have been plotted in Fig. 6 for the different values of deviation parameter k and rotation parameter a. The shape of the black hole shadow is not a perfect circle. We observe that the shape of the shadow has affected due the parameters a, k and extra dimension. The size of the shadow decreases continuously (cf. Fig. 6 ) when we increase the value of k. This can be understood due to the dragging effect of a rotating black hole.
Next, we introduce some other observables, which are helpful, when we study the radius and the distortion of the shadow. We consider the Hioki-Maeda characterization [40] to determine the observable, i.e., radius R s and deformation δ s , for 5D rotating regular black hole
where (α p , 0) and (α p , 0) are the coordinates of the given reference circle and the contour of the shadow, which cut the horizontal axis of the black hole from the opposite side of (α r , 0) (cf. Fig. 7) . In this method, we choose a reference circle which passes through the three coordinates of the shadow of a black hole. We choose the positions of the coordinates at the top (α t , β t ), bottom (α b , β b ), and rightmost position (α r , 0) (cf. Fig. 7) . We plotted the behaviour of the radius R s and distortion δ s with deviation parameter k for different values of a in Fig. 8 which suggested that the radius R s of the shadow and the distortion δ s depend upon the values of k as well as a.
A. Energy Emisson Rate
In this section, we will discuss the rate of energy emission from the 5D rotating regular black hole (17) . The low energy absorption cross-section for a spherically symmetric black hole is always the area of the horizon [42] . However, the absorption cross section oscillates around a limiting value at high energy scale, which took the value of geometrical cross section σ lim of the photon sphere around the black hole [34] and takes the value where R s is black hole shadow radius. The expression of the energy emission rate of black hole reads [34, 43] 
where ω is the frequency of the rotation and T + is the Hawking temperature at the outer horizon and given by
We plot the energy emission rate with frequency ω for the different values of a and k in Fig. 9 .
V. CONCLUSION
We have presented rotating regular black holes to the 5D Einstein gravity coupled to nonlinear electrodynamics. We have tried to show that a simple idea may provide 5D regular black holes which go over to 5D Kerr black holes when k = 0 and behaves asymptotically r ≫ k like 5D Kerr-Newman black holes. The obtained metric depends on an additional parameter k ≥ 0 which is related to mass M and charge e of the black hole and depending on its value one gets black holes with two horizons or extremal black holes. We have studied and plotted the horizons and ergoregions to explicitly bring out the effect of parameter k.
We have also studied the shadow casted by the obtained solution and obtained exact expressions for observables. The solution allows us to distinguish the shadow associated with the 5D Kerr black holes that one of the 5D rotating regular black holes. It turns out that the parameter k affects the horizons, ergoregion, and also black hole shadow. Indeed, with the increase in the parameter k, the size of the shadow decreases and shape gets more deformed.
In view of recent observations of event horizon telescope, studies of the 5D regular black hole is an important and happen to be timely. Our analysis suggests very rich spacetime properties due to the parameter k. The sudy of a 5D regular black hole shadow may be helpful at better understanding of observation from event horizon telescope. The solution (15) can also be understood as a black hole of general relativity coupled to nonlinear electrodynamics. Now, we look for the event horizon, which we obtain by g rr = 1 − 2Me −k/r 2 /r 2 = 0. The numerical analysis of f (r E ) = 0 shows that it admits two roots r ± . The smaller and larger roots, respectively, corresponds to the Cauchy and event horizons. The radius of the event horizon decreases with an increase in the value of deviation parameter k as shown in Fig. 10 . Next, we study the thermodynamic quantities associated with the 5D regular black hole solution (15) in terms of the horizon radius r + . The mass of the black hole can be obtained by using using (15) M + = r Thus the temperature of the 5D regular black hole is modified due to the deviation parameter k. The temperature reduces to T + = 1/2πr + in the absence of deviation parameter k. The Fig. 11 demonstrates the behaviour of temperature with radius r for the various values of k, and diverges at k = 0. The expression of the entropy can be obtained by the first law of thermodynamics,
one can find the following expression for the black hole entropy 
If we put k = 0, then we get S + = 4πr 3 + /3, which is the entropy of 5D SchwarzschildTangherilini black hole and that entropy is proportional to the area of the event horizon.
Next, we study the heat capacity of a black hole, which is essential for study of the thermodynamical stability of black hole [44] C + = ∂M + ∂T + = ∂M + ∂r +
∂r + ∂T + = −4πr 
The heat capacity has plotted in Fig. 12 for different values of k. We observed two kinds of behaviour, first one is the positive heat capacity, when r + < r C , which suggest the thermodynamic stability of the black hole and the other one is the negative heat capacity, when r + > r C , which suggest the instability of the black hole [45] . The heat capacity is discontinuous at r + = r C means the second order phase transition occurs. [2] W. 
